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Motivation
• Power supply is critical to our lives.

• Wildfire can cause severe damages in power systems.

• In California, 10% of wildfires ignited by electrical equipment
were responsible for more than 70% of damages.

• The 2020 Australian bushfires lasted several months and
spread across multiple states, affecting numerous power
infrastructure components.
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Motivation

Challenges in Power System Management:

• Uncertainty: Wildfires can occur at any time and place,
creating unpredictable risks;

• Duration and Spread: Wildfires can last for varying durations
and have the potential to spread across multiple components.

Importance of Proactive Measures:

• Effective strategies are essential to minimize the impact of
wildfires;

• Proactive measures can help in preparing for, responding to,
and recovering from wildfire-induced disruptions.
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Wildfire Disruptions

Exogenous Fire
• Ignited by external factors (e.g., human activities, lightning);

• Can spread and damage power grid equipment;

 Grid operator has no control over risk!

Endogenous Fire
• Ignited by energized power grid equipment;

• Can spread and damage other grid equipment;

 Risk can be reduced by turning off power lines.
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Tradeoffs: Should a power line be de-energized?

Advantages Disadvantages
De-energized Prevents ignition Cannot deliver power
Energized Power delivery Cannot prevent ignition

The disadvantages are exacerbated in the event of a disruption:

 De-energization + Exogenous ⇒ Blackout.
• If too many components are de-energized, an exogenous

wildfire can lead to significant load-shedding due to the
inability to supply power.

 Energization + Failure ⇒ Endogenous.
• If components remain energized and an endogenous wildfire

occurs, it can spread to other components, causing widespread
damage.
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Multistage Model

Consider a multi-period power flow problem
incorporating line de-energization decisions:

• Stochastic Disruptions:
 Timing, location, and magnitude of

the wildfires are uncertain.

• Modeling:
 Modeled as a multistage stochastic

mixed-integer program:
• First-stage Nominal Plan: Before

any wildfire occurs.
• t-stage Disruption Plan: Before

the t-th disruption occurs.
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Figure: The presence of a “.” symbol
within the nodes denotes the
occurrence of a disruption.
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First-stage Model – Objective Function

The first-tage model decides a nominal plan for the entire horizon:
• Objective is to minimize load shed + the second stage cost;
• This plan is in effect until the first disruption occurs τ ω̇;
• Decisions for line de-energization, dispatch, load shed.

∑
ω̇∈Ω|ω0

pω̇


Before Disruption︷ ︸︸ ︷
τ ω̇ − 1∑
t=1

∑
d∈D

wdsdt + f ω̇(zτ ω̇−1)︸ ︷︷ ︸
Second-stage Cost

 .
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First-stage Model – Fairness
The burden of load-shedding should not:
• Fall solely on lower-priority loads;
• Be evenly distributed.

Require better tradeoffs!
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Fig. 3: SMC and LC are tight at ẑ = 0, whereas BC and
SBC are not, as their values at ẑ are smaller than the function
value. The upper and lower SBC (SMC) are obtained by taking
Z = {0, 1} and [0, 1], respectively.

IV. NUMERICAL RESULTS

In this section, we outline the configuration of our numerical
experiments employed to assess the efficacy of our decom-
position method using various cut families. We examine the
fairness of the M-SMIP formulation (1) across different fair-
ness levels and restoration strategies, thereby demonstrating
the advantages of M-SMIP.

A. Experiment Setup

We utilize the RTS-GMLC 73-bus case [24] for our study
and conduct experiments over a 24-hour horizon, with each
time period encompassing three hours (T = 8). The economic
consequences of wildfires and sudden power interruptions are
contingent upon both fire intensity and the load magnitude
within the affected area. To capture the economic impacts of
wildfires and power outages, we evaluate the significance of
each electrical component and its effect on the surrounding
area using the same cost parameters as in Ref. [11]:

1) Load priorities wd range from 50 to 1000;
2) The damage costs rc of wind turbines, thermal and

nuclear power plants are 50, 1000, and 2500, respectively;
3) The damage cost rc of each bus is 50;
4) The damage cost rc of a transmission line is 0.285`,

where ` is the length of the transmission line.
Fig. 4 color codes the load priority levels based on their load-
shedding and damage costs, respectively.

All optimization models were implemented using JuMP [25]
in Julia v1.9 [26] and solved by Gurobi v10.0.0 [27] on a
computer with a 10-core M1 Pro CPU and 32GB memory.
The network plots are generated using PowerPlot.jl, which
depends on PowerModels.jl package [28]. Scenario simulation
is constructed by an agent-based model package, Agent.jl [29].
For Algorithm 1 and SMC, we set ✏ = 1% and � = 10�4.

B. Scenario Generation

We employ the term “scenario” to describe a complete disrup-
tion path within the scenario tree, extending from the root node

branch
Branch

High
Low
Middle

Load Priority

Fig. 4: Illustration of the loads in RTS-GMLC system.

to one of its leaves. For instance, there are four distinct sce-
narios in Fig. 2. We used identical settings and parameters to
the cellular automaton simulation model described in Ref. [11]
but allowed for the possibility of multiple disruptions.

A training set, ⌅, consists of 500 samples which has been
proven to be sufficient in Ref. [11]. A testing set, ⌦̃, consists of
5, 000 samples, each of which contains at most one disruption.
Each scenario is assigned an equal probability of occurrence.
Vulnerable components, identified as risky due to their height-
ened susceptibility to wildfire attacks, are associated with a
greater likelihood of damage in multiple scenarios. These risky
components receive heightened attention within the sample
sets, reflecting their increased probability of being affected.

C. Cut Performance

We applied Algorithm 1 using four cut families to the scenario
set ⌅ with � = 0.4 and assessed their performance. Fig. 5
depicts the relationship between convergence and algorithmic
iteration count across different cut families.

Our findings suggest that: i) Benders’ cuts fail to achieve
convergence due to their lack of tightness; ii) Square-
minimization cuts converge with fewer iterations, although
each iteration requires more computation time compared to
Lagrangian cuts; iii) Cuts with Z = {0, 1} exhibit superior
performance in terms of lower-bound improvement compared
to those with [0, 1].

In TABLE I, a maximum runtime of 25, 000 seconds is
specified. This table presents the best bounds, gap, time per
iteration, and the total time required to reach these bounds
for each cut type, signifying the minimum duration necessary.
BC and LC cannot achieve convergence within the time limit.
SBC can be considerably tighter due to their improved inter-
cept achieved through MIP solving. Two versions of SMCs
underscore the advantages of selecting Z = {0, 1}.

D. Fairness Evaluation

We examine different values of � to evaluate the trade-off
between efficiency and fairness. A solution that neglects or
minimally considers fairness may lead to a significant imbal-
ance in load shedding among different regions, as illustrated
in Fig. 6c. On the other hand, a solution that enforces strict
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First-stage Model – Constraints

Power systems operations with
shut-offs:
• Linearized Power Flow;
• Power Balance and Limits;

Logic Constraints:
• Connection to de-energized

components;
• Restoration can occur only

once.

Fairness Constraint
• The parameter β is to

regulate the level of fairness.
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t-stage Model – Objective Function
The t-stage problem fω(ẑω

′
τω−1) is an optimization problem:

• ω is the realization of the t-stage disruption;
• ω̇ is the realization of the (t+ 1)-stage disruption;
• The (t− 1)-stage state decision at time τω − 1 serving as its

input;

min
∑
ω̇∈Ω|ω

pω̇

τ ω̇−1∑
t=τω

∑
d∈D

wds
ω
dt +

∑
c∈C

crcν
ω
c︸︷︷︸

Damage cost

+ f ω̇(zωτ ω̇−1)

 .
• Effects from a wildfire disruption occurring

• min load shed + damage cost from wildfire + future costs;
• Starts at the time of the disruption τω;
• s.t. de-energization decisions z·τω−1 made in the (t− 1) stage.
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t-stage Model – Constraints

Power systems operations with
shut-offs:
• Linearized Power Flow;
• Power Balance;
• Generator limits.

Logic Constraints:
• Exo. damage (2k);
• End. fire spread (2l);

Non-anticipativity Constraint:
• ω′ is the realization of the

(t− 1)-stage disruption.
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Decomposition Algorithm - First Master Problem

Approximate the value function with cutting-planes:

Z∗` = min
∑

ω̇∈Ω|ω0

pω̇

τ ω̇−1∑
t=1

∑
d∈D

wdsdt + V ω̇

 (M`)

s.t. Constrictions(1a)− (1l) ∀t ∈ T
V ω̇ ≥ (λω̇,k)>(zτ ω̇−1 − ẑkτ ω̇−1)+

vω̇,k, ∀ω̇ ∈ Ω|ω0 , k = 1, . . . , `− 1,
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Decomposition Algorithm - Subsequential Master Problem

Substitute the value function with a cutting-plane approximation:

fω
`
(ẑω

′,`
τω−1) = (Sω` )

min
∑
ω̇∈Ω|ω

pω̇

τ ω̇−1∑
t=τω

∑
d∈D

wds
ω
dt +

∑
c∈C

crcν
ω
c + V ω̇


s.t. Constrictions(2a)− (2l), (2n) ∀t ∈ {τω, . . . , T}

V ω̇ ≥ (λω̇,k)>(zωτ ω̇−1 − ẑ
ω̇,k
τ ω̇−1

)+

vω̇,k, ∀ω̇ ∈ Ω|ω, k = 1, . . . , `− 1

zωτω−1 = ẑω
′,`

τω−1.
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Decomposition Algorithm - Cut Generation Problem
To generat Lagrangian cuts, we solve the following
non-anticipativity Lagrangian dual problem

max Rω` (ẑω
′,`, λ;Z),

where Rω` (·, ·) is the Lagrangian relaxation problem

Rω` (ẑω
′,`, λ;Z) =

min
∑
ω̇∈Ω|ω

pω̇

τ ω̇−1∑
t=τω

∑
d∈D

wds
ω
dt +

∑
c∈C

crcν
ω
c + V ω̇

 + λ>(ẑω
′,`

τω−1 − zωτω−1)

s.t. Constrictions(2a)− (2l), (2n) ∀t ∈ {τω, . . . , T}
V ω̇ ≥ (λω̇,k)>(zωτ ω̇−1 − ẑω̇,kτ ω̇−1

)+

vω̇,k, ∀ω̇ ∈ Ω|ω, k = 1, . . . , `

zcτω−1 ∈ Z ∀c ∈ C.

14 / 22



Decomposition Algorithm - Square-Minimization Cut

• Lagrangian cuts may be steep and fail to provide a good lower
approximation at other solutions;
• To address this limitation, we use an alternative cut-generation

problem (2):

min
λ

λ>λ (2a)

s.t. Rω` (ẑω
′,`, λ;Z) ≥ (1− δ)fω

`
(ẑω

′,`
τω−1), (2b)
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Algorithm 1: Decomposition algorithm based on
Cutting-plane Method

1 Initialization cut iteration number ` = 1, lower bound
LB = 0, upper bound UB =1 and ✏ � 0;

2 while UB�LB
UB

� ✏ do
/* Forward Steps */

3 Solve problem (M`) the first-stage shut-off solution ẑ`,
optimal value Z⇤

` , and the approximations of value
function V̂ !,` for each ! 2 ⌦|!0 ;

4 Update LB = Z⇤
` ;

5 Let Z  Z⇤
` �

P
!2⌦|!0

p!V̂ !,` and p 1;
6 for ! 2 ⌦|!0 do
7 Solve problem (S!

` ) with ẑ!0,`
⌧!�1 to obtain the

corresponding shut-off solution ẑ!,`, optimal value
f!

`
(ẑ!0,`

⌧!�1), and the approximations of value
function V̂ !̇,` for each !̇ 2 ⌦|!;

8 Z  Z + p[f!

`
(ẑ!0,`

⌧!�1)�
P

!̇2⌦|! p!̇V̂ !̇,`];
9 if ⌦|! 6= ; then

10 for !̇ 2 ⌦|! do
11 p p · p! , !0  !, !  !̇;
12 Go to line 6;
13 end
14 end
15 end
16 if Z < UB then
17 Update UB = Z and shut-off solutions {ẑ!,`}!;
18 end

/* Backward Steps */
19 for ! 2 ⌦|!0 do
20 if ⌦|! 6= ; then
21 for !̇ 2 ⌦|! do
22 Go to line 19;
23 end
24 end
25 Solve a relaxed problem (R!

` ) of the augmented
(S!

` ) to obtain the cut slope �!,` and intercept
v!,`;

26 Augment (S!0
` ) by adding the cut;

27 end
28 Let ` = ` + 1;
29 end
30 Output: The ✏-optimal value UB and solutions {ẑ!,`}! .

3) Strengthened Benders’ Cut (SBC): Given a fixed cut
slope �, a valid cut can be derived, featuring a cut intercept of
R!

` (ẑ!
0,`, �; Z). Subsequently, Benders’ cut can be fortified

through the aforementioned approach. The process involves
initiating the dual solution � corresponding to the nonanticipa-
tivity constraint for the LP relaxation of the augmented (S!

` ).
The acquired dual solution � then serves as the cut slope.
It is followed by the resolution of a mixed-integer program
to attain the strengthened cut intercept of R!

` (ẑ!
0,`, �; Z). In

Fig. 3, strengthened Benders’ cut (in orange) is parallel with
Benders’ cut (in blue) while exhibiting improved performance.

4) Square-Minimization Cut (SMC): Lagrangian cuts, rep-
resented by the black line in Fig. 3, may be steep and fail
to provide a good lower approximation at other solutions. To
address this limitation, Square-Minimization Cut (SMC) [5],
depicted by the red lines in Fig. 3, offers a rotated approach.

Instead of solving problem (3) to obtain cut coefficients, we
use an alternative cut-generation problem (5) as the relaxed
problem (R!

` ):

min
�

�>� (5a)

s.t. R!
` (ẑ!

0,`, �; Z) � (1 � �)f!

`
(ẑ!

0,`
⌧!�1), (5b)

and we let �!,` equal to its optimal solution �⇤ and v!,` =
R!

` (ẑ!
0,`, �⇤; Z). Fig. 3 shows that the difference between

a steep cut and a flat cut lies in their angle with the hori-
zontal plane. We prefer a flat cut, corresponding to a smaller
�>�, as � represents the linear cut’s coefficients. We set
up constraint (5b) to force the cut value to be within a �
neighborhood of f! at ẑ, which can be considered an “anchor
point.” As the function R!

` is a concave function of � given
ẑ!

0,`, constraint (5b) characterizes a convex set. We can use
convex programming solution methods to solve problem (5).
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C. Convergence

We present the detailed steps of the decomposition algorithm
in Algorithm 1, which iteratively updates the bounds. In the
end, we terminate Algorithm 1 once the relative gap is within
a predefined tolerance threshold ✏ � 0. We can show that
Algorithm 1 converges to the optimal value in the finite step.

Theorem 1 (Convergence). When ✏ = 0, Algorithm 1
terminates in a finite number of iterations and outputs an
optimal solution to problem (1) after finitely many iterations,
if the backward steps generate Lagrangian cuts or square-
minimization cuts with � = 0.

IV. NUMERICAL RESULTS

In this section, we outline the configuration of our numerical
experiments employed to assess the efficacy of our decom-
position method using various cut families. We examine the
fairness of the M-SMIP formulation (1) across different fair-
ness levels and restoration strategies, thereby demonstrating
the advantages of M-SMIP.
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Figure: The upper and lower SBC (SMC) are obtained by taking
Z = {0, 1} and [0, 1], respectively.
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Test System: RTS-GMLC
73-bus test system with geographic coordinates:
• Three levels of load priority and damage cost to generations;
• Visualization of “Scenarios”.
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Branch Shut Off
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Load Priority
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Figure: Power System
Configuration.
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Figure: Wildfire risk value at
t = 13.
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Cut Performance

Table: Assessing Decomp. Alg. performance with different cut families.

Cut Type
Solution Quality Runtime (sec.)

LB UB Gap Time/Iter. Total

BC 3305.3 3457.8 4.41% 214.2 5377
LC 3306.9 4116.8 19.67% 193.4 3803

SBCB 3397.5 3449.6 1.51% 237.7 8472
SBCI 3323.1 3433.6 3.15% 210.8 10500
SMCB 3414.9 3426.5 0.34% 445.4 20516
SMCI 3368.6 3419.3 1.48% 391.9 13414
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Figure: Convergence v.s. Iter.
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Fairness Evaluation: Fairness β = 0.0 v.s. β = 0.4

• The maximum load-shedding percentage is at 10% vs 40%.
• The total amount of load shedding is 9.2% vs 4.9%.
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Figure: Load-shedding is evenly
distributed.
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Figure: Load-shedding is
concentrated on 4 lower-priority
loads.
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Restoration v.s. No Restoration

Significant disruptive cost reduction (> 10%).

Setting Nominal Disruptive Total Cost
Res. β Load shed Load shed Damage g(·)

RES.

0.0 23276.1 1789.0 1389.0 18517.6
0.4 2978.4 1971.7 1515.6 5948.9
0.6 2873.5 1967.9 1533.7 5886.4

Non.

0.0 21710.1 2108.8 1957.4 18370.4
0.4 2933.7 2077.3 1887.3 6409.6
0.6 2776.7 2045.8 1937.2 6331.7
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